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Random variable
¥ A variable that can take values within a Þxed set 

(discrete) or within some range (continuous).

Note this includes both data (X) and labels weÕre predicting (Y) Ñ !
they can all be thought of as random variables

event event space

dice throw {1, 2, 3, 4, 5, 6}

the next word I say {the, a, dog, runs, to, store}

author of a text {Austen, Dickens}

height of a skyscraper [0, ! ]



weather hot cloudy rainy hot hot cloudy rainy

ice cream? 1 0 0 1 1 1 0

hot cloudy rainy

3/7 = 0.42 2/7 = 0.29 2/7 = 0.29

3/3 = 1.0 1/2 = 0.50 0.2 = 0.0

�7(�?= �_)

�7(�@= �P�J�L���J�Y�L�H�T| �?= �_)

�7(�?, �@) = �7(�?)�7(�@| �?)

�7(�?= �O�V�[, �@= �P�J�L���J�Y�L�H�T) = ��.����

Joint probability



Latent variables

¥ A latent variable is one thatÕs unobserved, either 
because: 

¥ we are predicting it (but have observed that 
variable for other data points) 

¥ it is unobservable



observed variables latent variables

email text, date, sender

novels

social network

Þtbit data

legislators

netßix users

Latent variables



Probabilistic graphical 
models

¥ Nodes represent variables (shaded = 
observed, clear = latent ) 

¥ Arrows indicate conditional relationships 

¥ The probability of x here is dependent 
on y 

¥ Simply a visual way of writing the joint 
probability: �7(�_, � )̀ = �7(� )̀ �7(�_| � )̀

y

x



�7(�_, �` | �I, �V) = �7(�` | �I) �7(�_| � ,̀ �V)

y

x

"

#

Naive Bayes
¥ To fully specify Naive Bayes, we 

need to add the implicit parameters 
"  (the prior distribution) and #  (the 
distribution of x given y).



Austen Dickens
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# austen

# dickens

Look up the value of x in 
the #  indexed by y

Look up the value of y in "



�7(�_, �` | �I, �V) = �7(�` | �I) �7(�_| � ,̀ �V)

y

x

Naive Bayes

¥ We can plug these multinomials 
in to make this more clear

Austen Dickens
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x

Naive Bayes
¥ When we train Naive Bayes, y is 

observed, and we estimate the 
parameters "  and #  with (e.g.)  
maximum likelihood estimation
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�I�P=
�J�V�\�U�[(�P)

�5

�V� ,̀�P=
�J�V�\�U�[(� ,̀ �P)

�5�`

"

#

Austen



�I�P=
�J�V�\�U�[(�P)

�5

�V� ,̀�P=
�J�V�\�U�[(� ,̀ �P)

�5�`

The number of Austen texts 
divided by the total number of 

texts

The number of times ÒloveÓ 
appears in Austen texts divided 
by the total number of words in 

Austen texts

Naive Bayes MLE



x

"

#

Naive Bayes
¥ When we predict, y is no longer 

observed (we are predicting it), but 
#  and "  are.
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¥ We calculate the posterior 
probability of y using 
BayesÕ rule

�7(�` | �_, �I, �V) =
�7(�` | �I)�7(�_| � ,̀ �V)

!
� !̀ �Y �7(� �̀ | �I)�7(�_| � �̀, �V)
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Unsupervised 
Naive Bayes
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¥ Same model structure 

¥ Same conditional relationships 

¥ No observed labels y 

¥ Why would we do this??



Structure

¥ Unsupervised learning Þnds 
structure in data.
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¥ The only variables we observe are the 
data x 

¥ But we still want to estimate #  and "  
and learn posterior probabilities for y 

¥ y here is still a choice among K 
alternatives:

Y = { ��, ��, . . . �2}

Unsupervised 
Naive Bayes



Inference

¥ We want to estimate the best values of the parameters 
#  and "  and infer the most likely values for latent 
variables y



Inference
¥ Guiding principle: we want to maximize the 

likelihood of the observed data

�7(�_| �V, �I) =
!

� !̀ Y

�7(�_, �` | �V, �I)

�7(�_| �V, �I) =
!

� !̀ Y

�7(�_| � ,̀ �V) �7(�` | �I)



weather hot cloudy rainy hot hot cloudy rainy

ice cream? 1 0 0 1 1 1 0

hot cloudy rainy

3/7 = 0.42 2/7 = 0.29 2/7 = 0.29

3/3 = 1.0 1/2 = 0.50 0/2 = 0.0

�7(�?= �_)

�7(�@= �P�J�L���J�Y�L�H�T| �?= �_)

�7(�@= � )̀ =
!

�_! X

�7(�?= �_, �@= � )̀

=
!

�_! X

�7(�?= �_)�7(�@= �` | �?= �_)



weather hot cloudy rainy hot hot cloudy rainy

ice cream? 1 0 0 1 1 1 0

hot cloudy rainy

3/7 = 0.42 2/7 = 0.29 2/7 = 0.29

3/3 = 1.0 1/2 = 0.50 0/2 = 0.0

�7(�?= �_)

�7(�@= �P�J�L���J�Y�L�H�T| �?= �_)

�7(�@= �P�J�L���J�Y�L�H�T) =
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��
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��!"#$

�O�V�[

+
��
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��
��!"#$

�J�S�V�\�K�`

+
��
��

��
��!"#$

�Y�H�P�U�`

=
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��

=
!

�_! X

�7(�?= �_)�7(�@= �` | �?= �_)



! (�V, �I) =
�5!

�P= ��

log
!

� !̀ Y

�7(�_| � ,̀ �V) �7(�` | �I)

! (�V, �I) =
�5!

�P= ��

log �7(�_| �V, �I)

Inference

this sum in the log makes this 
likelihood hard to optimize



Inference

Lots of standard inference techniques we can use

¥ Expectation Maximization 
¥ Markov chain Monte Carlo (Gibbs sampling, 

Metropolis Hastings, etc.) 
¥ Variational methods 
¥ Spectral methods (Anandkumar  et al. 2012, Arora et 

al. 2013)



Expectation Maximization
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Expectation Maximization

¥ Start out with random values for the parameters 

¥ Iterate until convergence: 

¥ Calculate expected values for latent 
variables y 

¥ Use those expected values to update 
parameters #  and "  
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Expectation Maximization

1. Calculate expected values for 
latent variables
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!
� !̀ �Y �7(� �̀ | �I)�7(�_| � �̀, �V)

1 2 3 4 5

0.10 0.50 0.25 0.07 0.08



Expectation Maximization
1 2 3 4 5

y1 0.35 0.03 0.12 0.27 0.23

y2 0.39 0.08 0.31 0.03 0.19

y3 0.05 0.36 0.22 0.1 0.27

y4 0.31 0.14 0.05 0.28 0.22

y5 0.65 0.05 0.17 0.07 0.06

y6 0.11 0.04 0.34 0.27 0.24

y7 0.07 0.07 0.45 0.02 0.39

y8 0.14 0.54 0.03 0.11 0.18

y9 0.51 0.06 0.09 0.29 0.05

y10 0.01 0.23 0.08 0.14 0.54

Expected values 
for 10 data 

points, with K=5



Expectation Maximization

2. Use those expected values to 
maximize parameters

x

"

#

Austen Dickens

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

the a of love sword poison hamlet romeo king capulet be woe him most

0.
00

0.
06

0.
12

the a of love sword poison hamlet romeo king capulet be woe him most

0.
00

0.
06

0.
12

y



Expectation Maximization

1 2 3 4 5

y1 0.35 0.03 0.12 0.27 0.23

y2 0.39 0.08 0.31 0.03 0.19

y3 0.05 0.36 0.22 0.1 0.27

y4 0.31 0.14 0.05 0.28 0.22

y5 0.65 0.05 0.17 0.07 0.06

y6 0.11 0.04 0.34 0.27 0.24

y7 0.07 0.07 0.45 0.02 0.39

y8 0.14 0.54 0.03 0.11 0.18

y9 0.51 0.06 0.09 0.29 0.05

y10 0.01 0.23 0.08 0.14 0.54

avg 0.259 0.160 0.186 0.158 0.237

2. Use those expected values 
to maximize parameters

�I�R=
��
�5

�5!

�P= ��

�Y�P,�R

k

i

ri,k is proportion of the 
count we attribute to k



Expectation Maximization

1 2 3 4 5

y1 0.35 0.03 0.12 0.27 0.23

y2 0.39 0.08 0.31 0.03 0.19

y3 0.05 0.36 0.22 0.1 0.27

y4 0.31 0.14 0.05 0.28 0.22

y5 0.65 0.05 0.17 0.07 0.06

y6 0.11 0.04 0.34 0.27 0.24

y7 0.07 0.07 0.45 0.02 0.39

y8 0.14 0.54 0.03 0.11 0.18

y9 0.51 0.06 0.09 0.29 0.05

y10 0.01 0.23 0.08 0.14 0.54

2. Use those expected values 
to maximize parameters

k

i

�V�R,�^ =
! �5

�P= �� �Y�P,�R�J�V�\�U�[(�P, �^)
! �5

�P= �� �Y�P,�R�5�P

count(i,w) = count of 
word w in document i

Ni is the total word count 
in document i

ri,k is proportion of the 
count we attribute to k



Expectation Maximization

E-step: calculate the posterior probability of latent y

M-step: Þnd the values of parameters "  that maximize:

In general, EM involves iterating between two steps:

�8(� )̀ = �7(�` | �_�P, �I)

�I = arg max
�I

�5!

�P= ��

!

� !̀ Y

�8(� )̀ log
�7(�_�P, �` | �I)

�8(� )̀



Expectation Maximization

¥ Start out with random values for the parameters 

¥ Iterate until convergence: 

¥ Calculate expected  values for latent variables 
¥ Use those expected values to maximize 

parameter values



K-means



Expectation Maximization

Expectation maximization yields a soft clustering 
(where a given data point can have fractional 
membership in multiple clusters. 

K-means is an approximation to this: instead of 
allowing fractional membership, each data point is 
placed into its single most likely cluster.  Also known 
as Òhard EMÓ



Semi-supervised
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EM is useful for when we have 
partially labeled  data



Semi-supervised

�7(�` | �_, �I, �V) =
�7(�` | �I)�7(�_| � ,̀ �V)

!
� !̀ �Y �7(� �̀ | �I)�7(�_| � �̀, �V)

1. Calculate expected values for 
latent variables

How would the presence of some supervised labels 
change your calculating of the E and M steps?

2. Use those expected values 
to maximize parameters

�I�R=
��
�5

�5!

�P= ��

�Y�P,�R

whatÕs this value for an 
observed label?

whatÕs ri,k for a data point 
with observed label?
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In more complex models, there 
are often dependencies between 

multiple latent variables Austen Dickens
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In more complex models, there are 
often dependencies between 

multiple latent variables Austen Dickens
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HereÕs an example: if you donÕt 
know the value of " , but you 

believe y1 and y2 = 2, then your 
best estimate of "  will favor 2, !

making P(y3 = 2) high

the yÕs are dependent !
on each other
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$Markov chain Monte Carlo 
methods (like Gibbs sampling ) 
are appropriate for inferring the 

values of multiple latent variables Austen Dickens
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$Markov chain Monte Carlo 
methods (like Gibbs sampling ) 
are appropriate for inferring the 

values of multiple latent variables Austen Dickens
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The idea is very simple: start out 
with random guesses for all 

variables
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$Markov chain Monte Carlo 
methods (like Gibbs sampling ) 
are appropriate for inferring the 

values of multiple latent variables
Austen Dickens
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~Dirichlet($)

Then, iterate through each 
variable and sample a new value 
for it conditioned on the current 

samples of everything else
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$Markov chain Monte Carlo 
methods (like Gibbs sampling ) 
are appropriate for inferring the 

values of multiple latent variables
Austen Dickens
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Then, iterate through each 
variable and sample a new value 
for it conditioned on the current 

samples of everything else
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$Markov chain Monte Carlo 
methods (like Gibbs sampling ) 
are appropriate for inferring the 

values of multiple latent variables
Austen Dickens
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Then, iterate through each 
variable and sample a new value 
for it conditioned on the current 

samples of everything else
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$Markov chain Monte Carlo 
methods (like Gibbs sampling ) 
are appropriate for inferring the 

values of multiple latent variables
Austen Dickens
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Then, iterate through each 
variable and sample a new value 
for it conditioned on the current 

samples of everything else

�7(�I | �B, � )̀ ! �7(�I | �B)
�5!

�P= ��

�7(� �̀P| �I)
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$Markov chain Monte Carlo 
methods (like Gibbs sampling ) 
are appropriate for inferring the 

values of multiple latent variables
~Dirichlet($)

Then, iterate through each 
variable and sample a new value 
for it conditioned on the current 
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Graphical models
¥ Graphical models articulate the relationship 

between variables 

¥ Lots of standard inference techniques are 
available; the art is in deÞning the structure of the 
model: 

¥ what the variables are 
¥ what parametric form they take 
¥ whatÕs observed and whatÕs latent 
¥ what the relationship is between the variables



Beta [0,1]
position in time 
bounded series real

Bernoulli 0 or 1
presence of 

feature binary

Normal (-! , ! ) age, height real

Multinomial count data word counts discrete

Poisson {0, 1, 2, É, ! }
number of 
children discrete



Feature Value Distribution?

follow clinton 0

follow trump 0

age 24

word counts in proÞle
Berkeley, liberal, 

runner

word counts in proÞle
the, election, a, 

data, movies

population size of your city 116,000



c

age
popu-
lation

follow!
clinton

follow 
trump

proÞle!
words

tweet!
words

%,& %,& p p " "

Normal Normal Bernoulli Bernoulli Multinomial Multinomial



Topic models

David Mimno, ÒTopic models without the 
randomnessÓ 

NLP seminar!
tomorrow (2/25) 4pm, South Hall room 205



Rao et al. (2010)




